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Chaotic Dynamics in Organization Theory 1

Arianna Dal Forno and Ugo Merlone 2

Abstract Modern organizations are increasingly seen as open complex adapitve 3

systems, with fundamental natural nonlinear structures, subject to internal and 4

external forces which may be sources of chaos. The related existing literature 5

focuses mainly on verbal theories where chaos is used as a metaphor. Even 6

if borrowing knowledge brings implicit risks, the usefulness of interdisciplinary 7

knowledge is acknowledged. In this perspective, we show that the chaos metaphor 8

grounded on mathematical models and psychological aspects of human behavior 9

provides helpful insights to describing the complexity of small work groups, that go 10

beyond the metaphor itself. 11

Keywords Multistability • Inequity • Group dynamics • Organizational comp- 12

lexity • Computational psychology 13

1 Introduction 14

Among the new directions in organization theory, recently, complexity theory 15

has attracted interest as being able to provide insights to design and manage 16

organizations in today’s dynamic environments Hatch and Cunliffe (2006). Several 17

aspects characterize complex dynamical systems and, often, chaos is a recurrent 18

theme; for example, according to (Hatch & Cunliffe, 2006, p. 331), “organization 19

theorists who use complexity theory suggest that organizations are complex adaptive 20
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186 A.D. Forno and U. Merlone

systems existing on the edge of chaos”. Furthermore, according to Morgan (1997) 21

insights from chaos and complexity have been used to enrich the understanding of 22

leadership, strategy and the management of change. In fact, when systems are man- 23

aged not as mechanical systems, rather in terms of systems of greater complexity 24

in which people and situations are linked by numerous nonlinear feedback loops, 25

the usual strategies do not work any longer. Indeed, nonlinearity is an important 26

aspect when considering organizations; in fact, according to Anderson (1999), since 27

many modern organizations are complex adaptive systems, the fundamental nature 28

of nonlinear, self-organized structures should be considered. Since organizations are 29

open, dynamic, nonlinear systems, the internal and external forces they are subject 30

to may be sources of chaos (Thietart & Forgues, 1995). 31

Chaos is a powerful metaphor to describe some aspects of organizations, yet 32

sometimes the limits of metaphors are ignored. In his ground-breaking book Morgan 33

(1997) pointed out that metaphors are inherently paradoxical as the way of seeing 34

created through a metaphor may become a way of ignoring the differences. Again 35

it is well known that no metaphor and “no single theory may give us a perfect or 36

all-purpose point of view” (Morgan, 1997, p. 5), yet the potential contribution of 37

a metaphor is lost when there is a lack of understanding of the terms which are 38

borrowed from other disciplines to describe a phenomenon. In this case not only 39

the use of metaphors makes us ignore the differences but also makes us see false 40

similarities. The implicit risks in borrowing knowledge are well known; according to 41

(Ruelle, 1991, p. 120) “to pursue the discussion at a purely metaphysical and literary 42

level is like driving a car blindfolded; it can only lead to disaster”. Furthermore, 43

Kellert (2008) describes several cases in law, economics and literary studies where 44

theorists have imported chaos theory in an attempt to widen and deepen their studies. 45

Small groups as well have been analyzed through the lens of chaos and complexity 46

(see for example Arrow, McGrath, & Berdahl, 2000; Fuhriman & Burlingame, 1994 47

and, more recently, Bischi & Merlone, 2010; Dal Forno & Merlone, 2011b). 48

In this chapter we analyze a model of interaction in small groups where agents’ 49

behavior is grounded on behavioral hypotheses. In particular we compare the 50

results of Dal Forno and Merlone (2010a, 2011a). We show how, when the chaos 51

metaphor is grounded on mathematical models, it can provide further insights and 52

shed light into the understanding of complex phenomena. Furthermore, we also 53

consider psychological aspects of human behavior such as motivation, injustice, and 54

engagement. 55

The structure of the chapter is the following. In Sect. 2 we summarize the main 56

features of the work group model we consider. Section 3 presents how subordinates’ 57

reply is modeled according to their reaction to the effort allocation by the colleague. 58

Section 4 provides a comparison of some interesting dynamics we can observe with 59

the two reaction functions we consider; in particular we show that the results are 60

qualitatively quite similar. Finally, Sect. 5 is devoted to conclusions. 61
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2 The Supervised Work Group Model 62

The supervised group model we consider has been analyzed in the literature from 63

different perspectives. It was introduced in Dal Forno and Merlone (2003) and an 64

experimental and computational analysis was provided in Dal Forno and Merlone 65

(2007, 2009). Then, Dal Forno and Merlone (2010b) provided an analysis in terms 66

of optimal incentives, while Dal Forno and Merlone (2010a, 2011a) analyzed the 67

dynamics of effort allocation. In this model two subordinates (acting as agents) 68

cooperate under a supervisor (the principal). Agent i D 1; 2 allocates his effort 69

ui with the supervisor and the effort li with the colleague. The joint production 70

function is � .u1 C u2/˛.l1 C l2/
ˇ , where � 2 RCC is a constant factor, and 71

˛; ˇ 2 .0; 1/ are, respectively, the output elasticity with respect to the joint effort 72

with the supervisor and with the partner. Therefore, the agents have to decide both 73

how much effort to exert, and how to partition it in the two complementary tasks. 74

Agents bear a cost for their efforts: agent i ’s cost function ci W R
2C ! RC will 75

be denoted with ci .ui ; li /; cost functions are private information. While agents can 76

observe the effort their partner provides with them, they cannot observe the effort 77

provided with the supervisor. On the contrary, the supervisor can only observe the 78

joint output and the effort each agent provides with her. In order to simplify the 79

notation and to consider monetary payoffs, it is assumed that the output is sold on 80

market at unitary price and that the production constant� and the sharing constant � 81

are such that � � D 1. The supervisor’s profit is a share � 2 .0; 1/ of the supervised 82

work group production minus the incentives she pays to her subordinates. On the 83

other hand, agents’ retribution consists of a fixed wage w > 0 plus a performance- 84

contingent reward; we assume that the fixed wage is sufficient to meet basic needs, 85

in terms of the hierarchy of needs theory (Maslow, 1970), physiological needs and 86

needs of safety; in economic terms this means the participation constraint is met. 87

The performance-contingent reward is a linear incentive bi on the effort each agent 88

exerts with the supervisor and a linear incentive bg proportional to the joint output 89

of the team. The interaction can be formalized as a bilevel programming problem: 90

max
bg;b1;b2

�
1 � 2bg

�
.u1 C u2/

˛ .l1 C l2/
ˇ � b1u1 � b2u2 (1)

such that, given bg; b1; b2 subordinates solve 91

maxu1;l1 w C bg .u1 C u2/
˛ .l1 C l2/

ˇ C b1u1 � c1 .u1; l1/
maxu2;l2 w C bg .u1 C u2/

˛ .l1 C l2/
ˇ C b2u2 � c2 .u2; l2/ (2)

It is not restrictive to assume w D 0 in order to simplify the analysis. 92

As usual, agents’ cost function is non decreasing with respect to the aggregated 93

effort. Furthermore, it is assumed that each subordinate has a physical capacity Nci 94

under which effort has zero cost, and that, at some exertion level, the effort becomes
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unpleasant enough to lead the individual to conclude that it is not worth working 95

any harder independently of the reward. This is formalized as follows 96

ci .ui ; li / D
�

0 if ui C li � Nci
C1 if ui C li > Nci (3)

Also it is assumed that each individual knows his individual capacity and uses it 97

without goldbricking. 98

When considering fully rational agents – as proved in Dal Forno and Merlone 99

(2010b) – the optimal incentive scheme is
�
bg D " > 0; b1 D 0; b2 D 0

�
; further- 100

more, there exist infinitely many effort allocations among which 101

.ui ; li / D
�

˛

˛ C ˇ
Nci ; ˇ

˛ C ˇ
Nci
	

for i D 1; 2: (4)

can be interpreted as focal in the sense of Schelling.1 102

3 Modeling the Behavior of Agents 103

This interaction was analyzed in Dal Forno and Merlone (2007, 2009) by means 104

of human subject experiments. Experimental evidence shows that almost all the 105

subjects allocated their full capacity since the very beginning, and even those who 106

did not, before the end of the experimental interaction used their full capacity too. 107

Therefore, we assume that subjects always allocate their full capacity. For these 108

reasons, in order to describe the effort allocation dynamics, it is sufficient to consider 109

only the level effort li .t/, since the effort exerted in the task with the supervisor is 110

ui .t/ D Nci � li .t/. 111

The optimal incentive scheme .bg D " > 0; b1 D 0; b2 D 0/ may represent 112

a source of inequity perception from the point of view of the subordinates. As 113

discussed in Dal Forno and Merlone (2010a), when individuals have different 114

capacity and exert different aggregate efforts, they would receive the same reward 115

and may experience inequity. In fact, according to Adams (1965) “Inequity exists 116

for Person (p) whenever he perceives that the ratio of his outcomes (O) to inputs (I ) 117

and the ratio of Other’s (o) outcomes to Other’s input are unequal” (Adams, 1965, 118

p. 280). Formally, inequity exists whenever 119

Op

Ip
¤ Oo

Io
120

1In fact, (Schelling, 1960, p. 57) considers situations for which focal points “for each person’s
expectation of what the other expects him to expect to be expected to do” are provided.
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Inequity may have several consequences, for example Adams (1965) considers: 121

Person altering his inputs; Person altering his outcomes; Person distorting his inputs 122

and outcomes cognitively; Person leaving the field; Person acting on other; Person 123

changing the objects of his comparison. 124

Cosier and Dalton (1983) give a temporal dimension to the inequity and 125

formalize the amount of tension experienced by Person due to the perceived inequity 126

at discrete time t , as 127

T .t/ D ˇ

ˇ
ˇ
ˇ
ˇ
Op .t/

Ip .t/
� Oo .t/

Io .t/

ˇ
ˇ
ˇ
ˇ (5)

where ˇ > 0 is a subjective proportionality factor which describes to what extent 128

inequity causes tension in Person (see Cosier & Dalton, 1983). The motivational 129

strength aroused in Person to reduce tension depends on the current tension and 130

previous motivational strength, and accumulates according to the formula 131

M .t/ D ˛T .t/C �M .t � 1/ (6)

where � > 0 is a discount factor, and ˛ > 0 is a proportionality parameter that 132

describes to what degree tension motivates Person. As in Dal Forno and Merlone 133

(2010a), when the motivational strength M .t/ exceeds a subjective threshold M �, 134

subjects will act to reduce it. In the following, this is described by means of a 135

subjective intolerance parameter defined as 136

k .M .t/ ;M .t � 1/ ; : : : ;M .0// D
(
1 if M .�/ < M �; � D 0; 1; : : : ; t

Nk > 1 otherwise
(7)

where the threshold M � is subjective, and the value Nk of the intolerance parameter 137

may be different among subordinates and may therefore concur in capturing their 138

heterogeneity. As a consequence, once the subjective threshold M � is exceeded, 139

individual intolerance triggers and does not revert to tolerance. This situation is 140

well described in section “The Straw that Broke the Camel’s Back” in Cosier and 141

Dalton (1983) and was analitically modeled in Dal Forno and Merlone (2010a). 142

In our analysis, we are interested in the dynamical process of the actions 143

undertaken by subjects when the motivational strength exceeds the threshold. 144

Subordinates, in order to reduce tension, reallocate their efforts on the two tasks, 145

altering their inputs in Adams’ formulation. 146

In the following we present two different reaction functions the subordinates use 147

to reduce inequity; the first one was considered in Dal Forno and Merlone (2010a) 148

and the second in Dal Forno and Merlone (2011a). 149
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3.1 Modeling Agents’ Behavior with Unbounded Capacity 150

The approach used in Dal Forno and Merlone (2010a) to model subordinates’ 151

reaction to inequity is the following. 152

Firstly, when ki D 1 the agent i is tolerant to any colleague’s deviation from the 153

focal effort, i.e., whatever the level effort is, an agent with intolerance equal to 1 154

will always play the focal allocation. By contrast, as ki increases, the subordinate 155

will decrease the lower effort when the colleague deviates from the expected focal 156

allocation. In this case, when a subordinate observes the colleague exerting an effort 157

which is lower than the focal one, he may think that his colleague is withholding 158

the effort with him in order to work harder with the supervisor (impression 159

management); his reaction will be to reduce the effort devoted in the common task 160

and to increase his effort with the supervisor. Vice versa, when observing a colleague 161

exerting an effort larger than the focal one, he will think that too little effort is 162

put in the activity with the supervisor and will try to compensate for it. These two 163

kinds of behaviors ground the two factors which constitute the reaction function of 164

subordinate i 165

li .t C 1/ D ˇ Nci
˛ C ˇ

�
.˛ C ˇ/ l�i .t/

ˇ Nci
	ki�1

exp

�

.ki � 1/
�

1� .˛ C ˇ/ l�i .t/
ˇ Nci

	

(8)
as discussed in Dal Forno and Merlone (2010a). 166

This reaction function depends both on partner’s effort l�i and on the subordi- 167

nate’s intolerance to the accumulated tension to inequity. Furthermore, it is general 168

enough to describe both the case of subordinates who are tolerant to inequity, and 169

those who were already put on the brink by their history of inequity (Cosier & 170

Dalton, 1983, p. 315). This way, some of the aspects on which – according to 171

Baron and Kreps (1999) – the economic framework is silent, are considered. The 172

functional form consists of a normalization constant and two factors modeling 173

reaction to the colleague’s effort which are respectively lower or higher than the 174

focal one. 175

The reaction of subordinates to the effort their colleague exerts in the common 176

task can be represented graphically as in Fig. 1; in this case, we can observe that 177

when ki D 1 the reaction functions become constant, i.e., the agents are tolerant 178

to inequity. Finally, it should be observed that, with this functional form, the effort 179

each subordinate can observe is theoretically unbounded. 180

3.2 Modeling the Behavior of Bounded Capacity Agents 181

In Dal Forno and Merlone (2011a) subordinates’ reactions are modeled considering 182

a different functional form, for i D 1; 2 183
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6
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l1

k2= 1

k2= 1.2

k2= 2

l2Fig. 1 Reaction function of
subordinate 2 with: different
values of the intolerance
parameter k2 D 1, k2 D 1:2,
k2 D 2; elasticities ˛ D 0:7,
ˇ D 0:3; capacity Nc2 D 12

li .t C 1/ D

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
ˆ̂
:̂

ei
i
.l�i .t//ai�1 .1 � l�i .t//bi�1 if ai > 1 and bi > 1

ei .1 � l�i .t//bi�1 if ai D 1 and bi > 1

ei .l�i .t//ai�1 if ai > 1 and bi D 1

ei if ai D bi D 1

(9)

where 184

i D
�

ai � 1
ai C bi � 2

	ai�1 �
1 � ai � 1

ai C bi � 2

	bi�1
(10)

This form assumes that the effort each subordinate can observe is upper bounded 185

in the capacity Nc D Nc1 D Nc2 which is normalized. In this case the focal allocation 186

becomes 187

.u1; l1/ D .u2; l2/ D
�

˛

˛ C ˇ
;

ˇ

˛ C ˇ

	

: (11)

Also in this case, the reaction function consists of a normalization constant and 188

two factors; the first one modeling reactions of an agent who observes a colleague 189

exerting an effort lower than the focal level and the other considering efforts which 190

are larger than the focal. Furthermore, it is easy to see that when capacities are 191

normalized for both reaction functions (8) and (9) the first factor is the same. 192

Reaction function (9) takes into account other factors which, according to the 193

Organizational Psychology literature, influence organizational behavior and allows 194

us to model a wider range of behavioral reactions than (8). Parameter ei 2 Œ0; 1� 195

models subordinate i ’s engagement to the common task. Employee engagement can 196

be defined as the individual’s involvement with, satisfaction with, and enthusiasm 197
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0
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0.25

0.5

0.75

1

0.25

intolerance

tolerance

focal
compensation

perfect
imitation

0.5 0.75 1
l1

l2Fig. 2 Reaction function of
subordinate 2 with: tolerance,
a2 D 1, b2 D 1, e2 D 0:25;
intolerance, a2 D 3:1666,
b2 D 7:5, e2 D 0:25; focal
compensation, a2 D 1,
b2 D 6, e2 D 1; perfect
imitation, a2 D 2, b2 D 1,
e2 D 1

for the work he/she does (see, for instance, Robbins & Judge, 2009). According to 198

Robbins and Judge (2009), it is well known that, among the major job attitudes, 199

employee engagement plays an important effect of productivity, outcomes and 200

profit. It should be noted that, in our model, when the engagement in the common 201

task is equal to ˇ= .˛ C ˇ/ for both subordinates the situation is similar to the one 202

described previously; in fact, that was the maximum effort which was allocated in 203

the common task. On the other hand, when for both subordinates, it is smaller than 204

this threshold it is impossible to maximize the production. 205

Figure 2 illustrates how reaction function (9) may describe different kinds of 206

behavior such as tolerance, focal retaliation, perfect imitation and various degrees 207

of intolerance. The reaction function (9) is equivalent to a beta probability density 208

function; we do not consider parameter values which give a U shape, as this shape 209

is not realistic in this context. Tolerant behavior can be obtained when ai D bi D 1; 210

imitative behavior when ai > 1; bi D 1; compensative behavior when ai D 1; bi > 211

1 and intolerant behavior when ai > 1; bi > 1. 212

In the cases of tolerant behavior, focal compensation and perfect imitation, the 213

reply function is monotonic in the observed effort; by contrast, in the case of 214

intolerance the reaction is non-monotonic and unimodal. In this case it is possible 215

to find the analytic expression of the effort which maximizes the reaction function 216

when .ai ; bi / ¤ .1; 1/: 217

vi D ai � 1

ai C bi � 2 : (12)

This value may be interpreted as both the belief the subordinate has about the focal 218

allocation and the expectation he has about the other subordinates’ effort in the 219

common task. 220

Also in this case it is possible to model situations in which the subordinates have 221

different capacities Nc1 ¤ Nc2. In fact, assuming Nc2 < Nc1 � Nc D 1 when 222



UNCO
RREC

TED
PR

O
O
F

Chaotic Dynamics in Organization Theory 193

0
0

0.25

0.5

0.75

1

0.25 0.5 0.75 1
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k2= 1
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l1
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a b

Fig. 3 Reaction function of subordinate 2 with engagement e2 D 0:60. (a) With different values
of intolerance parameter k2 D 1, k2 D 1:5, k2 D 2 and k2 D 4. (b) With intolerance k2 D 2 and
different beliefs about focal allocation in v2 D 0:2, v2 D 0:5 and v2 D 0:8

8
<̂

:̂

e1 D ˇ

˛Cˇ Nc1

v1 D ˇ

˛Cˇ Nc2
and

8
<̂

:̂

e2 D ˇ

˛Cˇ Nc2

v2 D ˇ

˛Cˇ Nc1
(13)

the focal allocation becomes (4). 223

Finally, it is possible to obtain a measure of agent’s intolerance as in the 224

unbounded capacity case. In fact, since 225

Z 1

0

xa�1 .1 � x/b�1 dx D B .a; b/ 226

where B .a; b/ is the Beta function, it follows that 227

Z 1

0

ei

i
.l�i /ai�1 .1 � l�i /bi�1 dl�i D ei

i
B .ai ; bi / ; (14)

and, in the special case in which ai D bi D 1, this value is ei . When ei value is 228

fixed, agent i ’s intolerance can be defined 229

ki .ai ; bi / D i

B .ai ; bi /
: 230

Indeed, when considering a tolerant subordinate with unitary engagement the 231

area under his reaction curve is one and, as his intolerance increases, this area 232

reduces. Given parameters ai and bi , it is possible to measure subordinate i ’s 233
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intolerance with a single parameter2 as illustrated in Fig. 3a. Finally, given a fixed 234

value of intolerance Nk, it is possible to determine ai and bi such as the vertex of the 235

reply function is a given v 2 Œ0; 1� as illustrated in Fig. 3b. This way it is possible 236

to study what happens when intolerant subordinates have different beliefs about the 237

focal allocation. 238

4 Results 239

As in Dal Forno and Merlone (2010a) we assume that subordinates expect that 240

colleague’s allocation remains the same as in the current period and react accord- 241

ingly. The time evolution can therefore be modeled by the iteration of a map 242

T W .l1 .t/ ; l2 .t// ! .r1 .l2 .t// ; r2 .l1 .t/// where r1; r2 are the reaction functions 243

proposed in the previous section. To analyze the effort dynamics it may be useful to 244

consider three different cases, depending on the number of intolerant subordinates 245

in the work group: two intolerant, one tolerant facing an intolerant, and two intol- 246

erant subordinates. The following subsections consider respectively each of these 247

cases. 248

4.1 Two Tolerant Subordinates 249

The analysis of this situation is rather straightforward. In fact, when the capacity is 250

unbounded, as long as k1 D k2 D 1 the reaction functions are constant, and each 251

player allocates his effort according to the focal equilibrium 252

8
<

:

l1 D ˇ

˛Cˇ Nc1
l2 D ˇ

˛Cˇ Nc2
(15)

On the other hand, with bounded capacity, when subordinates are tolerant we 253

have a1 D b1 D a2 D b2 D 1 and reaction functions become 254

(
l1 D e1

l2 D e2
(16)

with a unique fixed point .e1; e2/ which is always stable. 255

2The careful reader can observe that the ki parameter we introduce here is not exactly the same of
the one used in Dal Forno and Merlone (2010a).
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4.2 One Tolerant Facing an Intolerant Subordinate 256

When considering the case of unbounded capacity, and the interaction between one 257

subordinate who is tolerant (k1 D 1), and one who is not (k2 > 1), the dynamics can 258

be formalized as follows: 259

8
<̂

:̂

l1 .t C 1/ D ˇ Nc1
˛Cˇ

l2 .t C 1/ D ˇ Nc2
˛Cˇ



.˛Cˇ/l1.t/

ˇ Nc2
�k2�1

exp
h
.k2 � 1/



1 � .˛Cˇ/l1.t/

ˇ Nc2
�i (17)

In this case, again, there is a unique fixed point which is stable, since the eigenvalues 260

of the Jacobian are both zero. 261

As it concerns the formulation with bounded capacity the dynamics is 262

(
l1 .t C 1/ D e1

l2 .t C 1/ D e2
2
.l1 .t//

a2�1 .1 � l1 .t//
b2�1 (18)

The reaction curve of the tolerant agent is represented by a vertical line. As a 263

consequence, there exists a unique intersection between the two reaction functions. 264

As the eigenvalues are both 0 the fixed point is stable. In particular, when the 265

engagement for the tolerant agent is e1 D ˇ= .˛ C ˇ/ and the reaction function for 266

the other one is such that r2 .ˇ= .˛ C ˇ// D ˇ= .˛ C ˇ/ the fixed point is focal. This 267

obviously happens, only if e2 D ˇ= .˛ C ˇ/. This proves the following proposition 268

which holds in the case of bounded capacity. 269

Proposition 1. When at least one of the subordinates is tolerant there exists a 270

unique stable fixed point. The effort allocation is focal if and only if the tolerant 271

subordinate’s allocation is focal and the best reply to focal allocation is focal. 272

4.3 Two Intolerant Subordinates 273

So far, the results not only confirm the findings of both bounded and unbounded 274

capacity cases, but also allow us to conclude that they are not numerical artifacts, 275

since the functional forms we consider are different. Nevertheless, when considering 276

human subjects, evidence of tolerant dynamics is limited (see for instance Dal Forno 277

& Merlone, 2007, 2009). 278

If at a certain time t both the subordinates have the motivational strength 279

exceeding their individual threshold (k1; k2 > 1), they react to decrease the tension 280

due to inequity. The effort allocation dynamics when the capacity is unbounded is 281

given by 282
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0
0

0.25
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1

0.62 1.2 1.9 2.5
l1

k2= 2

k1= 2

k1= 3

k1= 3.5

l2Fig. 4 Fixed points when
both subordinates are not
tolerant, with intolerance
parameters k1 D 3:5, k1 D 3

and k1 D 2 with k2 D 2, and
capacities Nc1 D 18 and
Nc2 D 3

8
ˆ̂
<̂

ˆ̂
:̂

l1 .t C 1/ D ˇ Nc1
˛Cˇ



.˛Cˇ/l2.t/

ˇ Nc1
�k1�1

exp
h
.k1 � 1/



1 � .˛Cˇ/l2.t/

ˇ Nc1
�i

l2 .t C 1/ D ˇ Nc2
˛Cˇ



.˛Cˇ/l1.t/

ˇ Nc2
�k2�1

exp
h
.k2 � 1/



1 � .˛Cˇ/l1.t/

ˇ Nc2
�i

(19)

and the analysis is more complex. While in the previous cases a unique fixed 283

point exists, now the number of fixed points ranges from 1 to 3, depending on the 284

intolerance parameters value (Fig. 4). 285

When assuming ˛Cˇ D 1 – as in Dal Forno and Merlone (2010a) – the Jacobian 286

of (19) can be written as 287

J .l1; l2/ D
�
0 J1
J2 0

	

288

where for i D 1; 2 289

Ji D exp

�
.ˇ Nci � l�i / .ki � 1/

ˇ Nci
�

l�i
ˇ Nci

	ki�2 .ˇ Nci � l�i / .ki � 1/

ˇ Nci (20)

Even if it is not possible to analytically find the other intersections and to compute 290

the Jacobian in the steady states, the eigenvalues at .l1; l2/ are 291

�
�1 D �p

J1J2
�2 D p

J1J2
292

When both parameters ki are close to 1 – that is, the subordinates show little 293

intolerance – the dynamics is similar to the simple case analyzed in (15); in this 294

case there are two fixed points: the origin which is stable and the one close to the 295

focal allocation, which, from the inspection of the eigenvalues, is stable too. On the 296
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contrary, when the subordinates’ intolerance is large enough, since the eigenvalues 297

of the Jacobian are close to zero, .0; 0/ is a stable fixed point. This corresponds to the 298

case where both subordinates allocate their capacity exclusively with the supervisor 299

and, therefore, the production is null: the worst possible result. 300

When the capacity is bounded we have the following proposition 301

Proposition 2. When both subordinates are intolerant the origin is always a fixed 302

point and the condition for stability is a1 > a2= .a2 � 1/. 303

Proof. In the case of two intolerant subordinates to find the fixed point we have to 304

solve 305(
l1 D e1

1
l
a1�1
2 .1 � l2/b1�1

l2 D e2
2
l
a2�1
1 .1 � l1/b2�1 (21)

Obviously .0; 0/ is a fixed point. 306

As it concerns the stability, the second iterate of the map consists of two one- 307

dimensional, decoupled maps: 308

l1 .t C 2/ D e1
1



e2.1�l1.t//

b2�1
l1.t/

a2�1

2

�a1�1 

1� e2.1�l1.t//

b2�1
l1.t/

a2�1

2

�b1�1 WD g1 .l1 .t //

l2 .t C 2/ D e2
2



e1.1�l2.t//

b1�1
l2.t/

a1�1

1

�a2�1 

1� e1.1�l2.t//

b1�1
l2.t/

a1�1

1

�b2�1 WD g2 .l2 .t //
(22)

The first derivatives are 309

dg1
dl1

D e1
1



e2
2

�a1�1 �
1 � e2.1�l1/b2�1l

a2�1

1

2

	b1�2
.1 � l1/a1b2�a1�b2 la1a2�a1�a21

Œ.a2 � 1/ .1 � l1/ � .b2 � 1/ l1��

.a1 � 1/
�

1 � e2.1�l1/b2�1l
a2�1
1

2

	

� .b1 � 1/
�
e2.1�l1/b2�1l

a2�1
1

2

	

dg2
dl2

D e2
2



e1
1

�a2�1 �
1 � e1.1�l2/b1�1l

a1�1
2

1

	b2�2
.1 � l2/a2b1�a2�b1 la1a2�a1�a22

Œ.a1 � 1/ .1 � l2/ � .b1 � 1/ l2��

.a2 � 1/
�

1 � e1.1�l2/b1�1l
a1�1
2

1

	

� .b2 � 1/
�
e1.1�l2/b1�1l

a1�1
2

1

	

(23)

Therefore, if a1 > a2= .a2 � 1/ then 310

lim
l1!0C

dg1
dl1

D lim
l2!0C

dg2
dl2

D 0 311

and the origin is stable. On the other hand, if a1 < a2= .a2 � 1/ then 312

lim
l1!0C

dg1
dl1

D lim
l2!0C

dg2
dl2

D C1 313

and the origin is unstable. ut
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When the subordinates’ engagement is common knowledge as in (13), we have 314

a stable fixed point different from the origin. 315

Proposition 3. When both subordinates are intolerant, assuming each of them 316

expect the other not to shirk on the common task, if engagements are common 317

knowledge and are 318

ei D a�i � 1
a�i � b�i � 2

319

then 320

.l1; l2/ D
�

a2 � 1

a2 � b2 � 2
;

a1 � 1

a1 � b1 � 2

	

(24)

is a stable fixed point. 321

Proof. To prove that (24) is a fixed point it is sufficient to plug it in the reaction 322

function (21). 323

To prove stability we consider the first derivatives (23) of the decoupled maps 324

(22). We have 325

lim
l1! a2�1

a2�b2�2

dg1
dl1

D lim
l2! a1�1

a1�b1�2

dg2
dl2

D 0 (25)

as 326

lim
l1! a2�1

a2�b2�2

�

.a1 � 1/
�

1 � e2.1�l1/b2�1l
a2�1
1

2

	

� .b1 � 1/
�
e2.1�l1/b2�1l

a2�1
1

2

	

D 0

lim
l2! a1�1

a1�b1�2

�

.a2 � 1/
�

1 � e1.1�l2/b1�1l
a1�1
2

1

	

� .b2 � 1/
�
e1.1�l2/b1�1l

a1�1
2

1

	

D 0

(26)
Therefore, the point is stable. ut

4.4 Chaotic Behavior 327

In the following analysis we show how the modeling of different reactions of 328

subordinates leads to qualitatively similar results. In particular, we will show that 329

chaotic behavior may emerge also in small groups. Comparing the two different 330

reaction formalizations it is quite evident that coexistence of equilibria may occur 331

as illustrated in Figs. 5 and 6. 332

In Dal Forno and Merlone (2010a) it was proved that the intolerance of 333

subordinates may lead to chaotic dynamics, as illustrated in Fig. 7. When con- 334

sidering bounded capacity agents, even if Proposition 3 suggests that also with 335

intolerant subordinates there exists a stable equilibrium in which both subordinates 336

cooperate on the common task, its assumptions are quite strong. In fact, when the 337

subordinates’ engagement varies, chaotic behaviors may emerge. Furthermore, even
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l1

l2

0
0

1.5

3

4.5

6

4.5 9 13.5 18

Fig. 5 Phase plane .l1; l2/
with periodic attractors and
their basins for intolerance
parameters k1 D k2 D 3:2,
and capacities Nc1 D 18 and
Nc2 D 3. The initial conditions
of the trajectories are
respectively l1.0/ D 3,
l2.0/ D 2:5 (fixed point –
green basin), l1.0/ D 4,
l2.0/ D 2 (2-period cycle –
red basin), and l1.0/ D 17:5,
l2.0/ D 0:2 (origin – yellow
basin)

l1

l2

0
0

0.25

0.5

0.75

1

0.25 0.5 0.75 1

Fig. 6 Phase plane .l1; l2/
with periodic attractors and
their respective basins –
represented in different colors
– for a1 D a2 D 19=6,
b1 D b2 D 15=2 and
e1 D e2 D 0:25. The initial
conditions of the trajectories
are respectively
l1 .0/ D 0:17, l2 .0/ D 0:40

(fixed point – green basin),
l1 .0/ D 0:95, l2 .0/ D 0:41

(2-period cycle – red basin),
and l1 .0/ D 0:07,
l2 .0/ D 0:67 (origin – yellow
basin)

if subordinates have the same capacity, a different engagement in the common task 338

of one of the subordinates may have dramatic consequences on the group dynamics. 339

This is illustrated in Fig. 8. 340

The first thing we can observe is that the subordinates’ behaviors are linked. As a 341

consequence, the group production follows this individual pattern too; this is a com- 342

mon phenomenon in work groups, as illustrated in Dal Forno and Merlone (2011b). 343

Secondly, when the engagement is smaller than a certain threshold the production 344

is null. If the second subordinate’s engagement increases, the effort allocated in the 345

common task increases for both subordinates until e2 D 0:25 – in this case they both 346

have the same engagement value. As second subordinate’s engagement increases 347

further, the effort allocation of the fixed engagement subordinate decreases, until a 348
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Fig. 7 Bifurcation diagrams of subordinates 1’s effort (left) and 2’s effort (right) as k1 2 Œ1:0; 2:1�,
with parameters values k2 D 7:5, Nc1 D 18, Nc2 D 6, and initial condition l1 .0/ D 0:7, l2 .0/ D 0:5

Fig. 8 Bifurcation diagrams of subordinates 1’s effort (top) and 2’s (bottom) as e2 2 Œ0; 0:6�

with parameters values a1 D a2 D 19=6, b1 D b2 D 15=2, e1 D 0:25, and initial condition
l1 .0/ D l2 .0/ D 0:4

cascade of period-doubling bifurcation occurs leading to chaos. Eventually, since 349

no effort is allocated in the common task, the work group production collapses to 350

zero. 351

Coexistence of different period cycles and, for larger values of the first subordi- 352

nate’s engagement, the occurrence of more complex dynamics, resembles the case 353

of subordinates with different capacities as in Dal Forno and Merlone (2010a). 354

The similarity of dynamics is confirmed when considering basins of attraction 355

and periodic cycles for the two reaction functions as illustrated in Figs. 9 and 10. 356

There we can see some of the coexisting periodic cycles. As in Figs. 5 and 6, 357

black dots indicate the sequence of periodical points visited at each iteration. 358
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Fig. 9 Periodic cycles and respective basins of attraction with Nc1 D 18, Nc2 D 6, k1 D 1:39,
k2 D 7:5. Top left picture illustrates a MPE, and top right picture a retaliation cycle

In particular, the pictures at top right of both Figs. 9 and 10 show the retaliation 359

actions. The respective basins of attraction are reported at bottom left. For these 360

particular choices of parameters there are 5 stable cycles of period 16. Following 361

the terminology in Bischi, Mammana, and Gardini (2000), four of these cycles 362

are homogeneous and derive from a stable eight-period cycle of the map F .x/ D 363

r1 .r2 .x//, one of which – top left in the figure – is a Markov-Perfect-Equilibrium 364

(MPE); on the top right we find a mixed 16-period cycle which derives from the 365

fixed point in the origin. Several authors have discussed MPE in oligopoly dynamics 366

(see for instance Maskin & Tirole, 1988a; 1988b; Bischi et al., 2000); in our case 367

MPE are interesting in terms of group dynamics. In fact, at this equilibrium only 368

one subordinate at a time changes his effort allocation, believing that, when at rest, 369

his previous allocation is optimal. 370

Finally, while the second formulation intolerance seems to be less important 371

whith bounded capacity, with this formulation other aspects can be taken into 372

account. From the group dynamics perspectives also the mixed 16-period cycles 373

deriving from the fixed point at the origin is interesting. In fact, since subordinates 374

alternatively stop cooperating with the colleague, this may be interpreted in terms 375

of within-group conflict. The occurrence of this equilibrium confirms that when 376

subordinates are intolerant, even if they have the same capacity, chaotic behaviors 377

may appear. In fact, even if their belief about the focal allocation is the same, a 378

different engagement makes them act as if the capacities were different. 379
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Fig. 10 Periodic cycles and respective basins of attraction with a1 D a2 D 19=6, b1 D b2 D
15=2, e1 D 0:509, and e2 D 0:25. Top left picture illustrates a MPE, and top right picture a
retaliation cycle

5 Conclusion 380

Metaphors may create valuable insights about how organizations are structured. 381

Metaphors are used whenever we attempt to understand one element of experience 382

in terms of another (Morgan, 1997). Nevertheless, sometimes, the inappropriate 383

use of metaphors may be misleading; several examples are discussed in Kellert 384

(2008). Furthermore, according to Loch and Wu (2007) verbal theory, being 385

incapable of precisely describing complex systems, is intrinsically limited; to 386

achieve the necessary precision only mathematical characterizations allow us to 387

quantitatively describe system behavior even qualitatively. According to Richerson 388

and Boyd (2005), when confronted with the complexity of the problems we are 389

facing, the contribution of a single individual thinker has little impact. By contrast, 390

mathematical models – through a transparent process of simplification – take the 391

form of a set of assumptions concerning the operation of the system Banks et al. 392

(2005) and can be used to reveal some of the cause-and-effect relationships and 393

consider several interrelationships simultaneously (Hillier & Lieberman, 2010). 394

Furthermore, according to Sterman (2000) models can be used as management flight 395

simulators, that is, interactive practice fields to design new policies, and test and 396

explore new ideas and theories concerning the system. Therefore, as Loch and Wu 397

(2007) state, modeling allows us to test specific implications quantitatively and with 398

more precision than verbal theory allows, even when more complex systems are 399

considered. 400
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Verbal theory is often used in management. Simon, for example refers to 401

“Proverbs” which are a common principle occuring in the literature of adminis- 402

trative organizations (Simon, 1997, p. 29). Proverbs – and more generally verbal 403

theory – may exhibit internal contradictions, therefore they cannot provide a good 404

base for a science. But if we regard them from a modeling point of view, those can 405

be helpful resources. In this perspective verbal theory may be a useful guideline for 406

design. 407

In this chapter we not only provide a model of work group dynamics but we 408

take also into consideration psychological aspects of human behavior as motivation, 409

injustice and engagement. 410

We provide a necessary and sufficient condition to have a focal equilibrium 411

when an intolerant subordinate is paired to a tolerant one. When both subordinates 412

are intolerant we provide a condition for the stability of the equilibrium in which 413

cooperation collapses and also conditions for the stability of the focal equilibrium. 414

These results have been obtained with two different reaction functions. In particular, 415

we show that while with one of the reaction functions we consider the focal equilib- 416

rium may be stable, this holds under very strong assumptions which are unrealistic. 417

Therefore, we can conclude that with both formulations, when a subordinates’s 418

capacity is private information, the results are similar. This is confirmed by the 419

basins and the bifurcation diagrams we provide. Finally, we show how the dynamics 420

of work groups where subordinates are intolerant to inequity may be chaotic. 421

Our contribution shows how chaos theory, when grounded on mathematical 422

models, may provide interesting insights on complex systems such as organizations. 423

In this case, the verbal theory and the quantitative modeling inform and influence 424

each other and allow us to learn from cross-disciplinary borrowing as suggested by 425

Kellert (2008). 426
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